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Abstract 
Given a topological space (X, I), we take an elementary submodel A4 of a sufficiently large 
initial fragment of the universe containing (X, 7) and naturally define a space XM. We consider 
under what circumstances XM is a (nice image of a) subspace of X, and what properties of X 
are retained by XJJ. 0 1998 Elsevier Science B.V. 
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This paper is dedicated to the memory of Kiiti Morita, who profoundly injluenced the 
development of topology in Japan. On a personal note, the second author notes that the 
first time he met Professor Morita was also the Jirst time he ever had Japanese food, in 
1969 or ‘70 at the home of Professor Kunio Murasugi. Since then he has always 
associated good mathematics with good food! 
1. Introduction 
Elementary submodels have been playing an increasingly prominent role in set- 
theoretic topology over the past few years, e.g., [6,7,11,13,25]. Our approach in this 
note is rather different than in these other papers-we will consider the operation of 
taking an elementary submodel to be yet another operation, like taking a subspace or an 
* Corresponding author. E-mail: tall@math.toronto.edu. Thesecond author’s work was supported by NSERC 
grant A-7354. 
’ E-mail: lucia@ime.usp.br. The author’s work was supported by the University of S%o Paula, CNPq-Brasil 
grant 200.397/91-5 and NSERC grant A-7354. 
0166-8641/98/$19.00 0 1998 Elsevier Science B.V. All rights reserved. 
PIISO166-8641(97)00075-8 
240 L.R. Junqueira, ED. Tall / Topology and its Applications 82 (1998) 239-266 
image under a nice map, and our goal will be to see what is preserved under this oper- 
ation. The genesis of this article is twofold: the realization that many of the techniques 
we have used in reflection arguments, e.g., [23,17], are applicable in general elementary 
submodel contexts, and a comment by S. Todorcevic that if we were going to study 
preservation of topological properties by forcing, we should also study preservation by 
elementary extension. Rather than repeating the introductory material in the other pa- 
pers, we will assume the reader has been exposed to the basics before. We particularly 
recommend Section 4 of [ 131. 
To fix notation, we consider the following general situation: (X, 7) is a topological 
space; M is an elementary submodel of He (the set of all sets of hereditary cardinality 
< 9, 8 a cardinal) containing X and 7. For purposes of intuition, one may sloppily think 
of He as V, the class of all sets, since we always take 19 sufficiently large so that He 
contains all sets of interest in the context under discussion. Where convenient, we will 
omit mention of HO entirely. Let XM be X n M with the topology ‘7~ on XAJ generated 
by 7 1 M = {U I- M: U E 7 n M} (note 7 1 M is a basis since by elementarity 
it is closed under finite intersections and contains 0 and X n M). The question is, how 
do (X, 7) and M constrain XM? One might expect to answer “not much”, since we 
are merely weakening the topology of a subspace of X, but we do get some nontrivial 
results, e.g.: 
Theorem 1.1. If (X, 7) is Ti, i < 3;, so is X M. This is not true for TJ, T5, or T6. 
Proof. The negative case is proved by Examples 7.15, 7.19 and 7.20 in Section 7. 
We will only show the positive case i = 3;. For that, it is enough to show that for 
every x E X fl M and for every V E I n M containing x, there is a continuous 
functionf : XM -+ I, such that f(x) = 0 and f(y) = 1 for every y E (X \ V) n M. 
FixxEXflMandVE7nMsuchthatxEV.Then 
HO + “x E X, V E 7 and x E V”. 
Since (X, 7) is T3i, 
He + “there is a continuous g : X --+ I such that g(x) = 0 and 
g(y) = 1 for every y E X \ V”. 
Thus, by elementarity, M models the same thing, and therefore in M there is a function 
f : XM -+ I n M, which M thinks is continuous, such that f(x) = 0 and f(y) = 1 for 
every y E (X \ V) n M. But then 
He k“f :XM --) I n M is continuous” 
(since M contains a base for I), and therefore f : XM + I is as we wanted. 0 
Note. We will loosely quote such inheritance results as, e.g., “an elementary submodel 
of a Ti space is T,, for i < 3 i”. 
L.R. Junqueira, ED. Tall / Topology and its Applicaiions 82 (1998) 239-266 241 
The operation of taking an elementary submodel of a topological space will obviously 
give different results for the many different kinds of spaces; at present though, the clas- 
sification of elementary submodels seems rather crude in comparison-in this paper we 
just use “arbitrary”, “countable”, “uncountable”, “ countably closed’ and “w-covering”. 
This may suggest further study. The reason that countable elementary submodels will not 
play a prominent role is 
Corollary 1.2 (to Theorem 1.1). A countable elementary submodel of a T3 space is 
metrizable. 
Proof. It is TZ with a countable basis. 0 
This result shows that topologically characterizing the elementary submodels of Tj 
nonmetrizable spaces is doomed to failure; perhaps one can however characterize all 
those elementary submodels of a certain size, or of certain spaces. 
We will be interested in when XM is a (nice image of a) subspace of X. Here are 
some sample results: 
Theorem 1.3. If (X, 7) is first countable, then X M is a subspace of (X. 7). This is not 
true in general. 
Theorem 1.4. If (X, I) is first countable TZ and M is countably closed, then Xhr~ is a 
closed subspace of (X, 7). None of the three hypotheses can be omitted. 
Theorem 1.5. If (X, 7) is T 3 and of pointwise countable type, then Xtit is a pe$ect 
image of a subspace of X. It need not be a pelfect image of a closed subspace, even [f 
X is compact. It need not be a perfect image of a subspace of X if X is not necessarily 
of pointwise countable type, even if X is a normal Frechet space. 
From Theorem 1.5 we get that properties that are hereditary and preserved by perfect 
maps are preserved by elementary submodels of spaces of pointwise countable type. 
A nontrivial instance is: 
Corollary 1.6. Assume (X, I) is Ts and of pointwise countable type. Then Xhf is T5. 
The hypothesis of pointwise countable type cannot be omitted. 
There are two easy results from classical model theory that we will use several times: 
Theorem 1.7 (Lowenheim-Skolem Theorem). He (6’ regular uncountable) has elemen- 
tary submodels of all infinite cardinalities less than 0. It has countably closed elementary 
submodels of all cardinalities X < 6’ which are of form X = ~~0. 
Theorem 1.8. Given {M a a<a such that each M, is an elementary submodel of He } 
and cy < Q’ < ,!S’ implies n/l, is an elementary submodel of Ma!, then lJaCB MD is an 
elementary submodel of He. 
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The plan of the paper is as follows. First we investigate the circumstances under which 
XM is a subspace of X. Then we consider when it is a nice image of a subspace of 
X. Then we compare the cardinal invariants of X and XM. Then we look at another 
method of determining a new space, given a space and an elementary submodel. Then we 
compare the elementary submodel context to the (large cardinal) reflection context. The 
final section contains many examples illustrating the necessity of our various hypotheses. 
Since some of them serve several purposes, we decided to collect them all together. The 
reader is expected to flip back and forth to this section as s/he goes along. 
Our investigations in this new area are still in the preliminary stage. It is not yet clear 
what are the important problems. Nonetheless, having accumulated a large number of 
results, we decided to publish now in the hope of stimulating other researchers to look 
at this area. 
2. Subspaces 
When is XM a subspace of X? First, some definitions. 
Definition 2.1. A space X is a k-space if a subset of X is closed if and only if its 
intersection with every compact subset of X is closed. A space X is a k’-space [2, 
Definition 3.31 if for any 2 E X, we have that for any A c X, 2 E 2 if and only if 
for some compact K C X, x E A n K. A space X is Fre’chet if whenever A C X and 
x E 2, there is a sequence from A converging to x. A C X is sequentially closed if any 
sequence from A that converges, converges to a point in A. X is sequential if every 
sequentially closed set is closed. 
Definition 2.2. Let X be a topological space and A 2 X. A family B of open sets 
including A is called an outer base for A if for every open V > A, there is a B E t? 
such that B c V. The character of A in X is 
x(A, X) = min{T: there is an outer base for A of cardinality r}. 
Definition 2.3. A space X has pointwise countable type if, for each x E X, there is a 
compact K in X such that 17: E K and x(K, X) < No. 
Definition 2.4. The tightness of a point z in a space X is the smallest cardinal number 
K 3 No with the property that if IC E c, then there exists a Cc C C such that lCa/ 6 K 
and 2 E Fe. 
FrCchet spaces are k’ and sequential; sequential spaces are k and have countable 
tightness; k/-spaces are k-spaces. None of these implications reverses; however a space 
is Frechet if and only if it is hereditarily k [3, Theorem 11. Neither of the classes of k’- 
spaces and spaces of pointwise countable type includes the other [2, Section 31. (Locally) 
compact T2 spaces are of pointwise countable type. 
Our first result is folklore. 
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Theorem 2.5. Zf X isJirst countable, XM is a subspace of X. 
Proof. Fix x E X n A4 and U E 7 containing z. Since X is first countable and x E M, 
by elementarity we have that there is a t?, E M such that 8, is countable and is a base 
at 11‘. But then B, 2 M and therefore there is a V E 7 n Af such that z E V and 
v5u. 0 
Examples 7.2-7.4, are such that X*,1 is not a subspace of X. Example 7.13 shows that 
“first countable” cannot be weakened to “Frechet”, even if M is countably closed. 
Theorem 2.6. If X is sequential T2 and M is countably closed, then X n M is a closed 
subset of X. 
Proof. It suffices to show that X n M is sequentially closed. Take {x,}~~~ C M, 
CC,, + 2. We claim that z E M: {x,}~~~ converges and {x,},~~ E M, so M thinks it 
converges, so there is an z’ such that M thinks x, + x’; but then it really does, hence 
by Tz, x’ = 2. •I 
It follows, for example, that 
Corollary 2.7. If X is Lindeliif sequential T2 and M is countably closed, then Xhr is 
Lindelof 
Proof. Let U be an open cover of XM. Then U covers X n M-which is Lindelof-so 
has a countable subcover. 0 
Corollary 2.8. If X is first countable T2, and 111 is countably closed, then Xhl is a 
closed subspace of X. 
Proof. Immediate. q 
Example 7.5 is an example of a first countable TI space X and a countably closed M 
such that Xhf is not a subspace of X. Example 7.1, with M countable, is an example of 
a first countable T2 space X and a M such that X M = X n A4 is not a closed subspace 
of X. Example 7.6 is an example of a compact T2 space and a countably closed M such 
that Xnf is not Lindelof, even though it is a subspace of X. 
Corollary 2.9. If X is compact, T2, sequential, and M is countably closed, then X&f is 
a closed subspace of X. 
Proof. X n Al is a closed, hence compact, subset of X. TM is a weaker T2 topology on 
X n M, so it is equal to the subspace topology on X n M. 0 
Example 7.4 (with D uncountable) is an example of a compact TZ space and a count- 
ably closed Al such that XM is not a subspace of X. Example 7.7 is an example of a 
compact T2 sequential space and an M such that XM is not a subspace of X. 
244 L.R. Junqueira. ED. Tall / Topology and its Applications 82 (1998) 239-266 
Recall an elementary submodel M is w-covering if for every countable set A C M 
there is a countable set B E M such that A C B. In ZFC one can construct w-covering 
elementary submodels of size Ni-see, e.g., [ 11, Section 31. 
The next result is included in the proof of Proposition 3.4 in [ 111: 
Proposition 2.10. If M is w-covering and has size WI, and X has countable tightness and 
is regular initially wl-compact and such that every countable subspace is$rst countable, 
then XM is a subspace of X. 
Using a similar proof we will improve Corollary 2.9 by showing 
Theorem 2.11. Zf X is T2 with countable tightness and of pointwise countable type, and 
M is countably closed, then XM is a subspace of X. 
We will need the following lemma here and in the next section. 
Lemma 2.12. Suppose X is Tz. If x E M, K is compact such that x E K, K E M and 
X(K, X) 6 n, and V E 7 n M with x E V, then there is a compact K’, K’ E M, such 
thatxEK’CKrlVandX(K’,X)<n. 
Proof. Since K is regular and K E M, we have that M + K is regular. We now work 
in M only. Using that x, K, V, 7 E M and that M k K is regular, we can construct a 
sequence {I&: rt E w} (in M) such that VO = V, and for each n E w, V, E 7, and 
x E Vn+l n K c Vn+l n K C V, n K, 
(all this relative to M). 
Define K’ = nnEw Kf3 K. Note that, since M + K is closed, we have that M b K’ 
is closed. 
Since all the work was done inside M, we have that K’ E M. By construction, 
x E K’. Also, M k K’ is closed and K’ C V n K. Therefore, by elementarity, we have 
that K’ is closed (in 7) and K’ C V n K. Thus, K’ is compact (in (X, 7)). Finally, by 
the construction of K’, we have that X(K’, K) < No. Then, since x(8’, X) 6 X(F, K) . 
x(K, X), for any compact F and K such that F C K (see, e.g., [14, Exercise 3.1E]), 
X(K’, X) 6 K. So K’ is as we want. 0 
Proof of Theorem 2.11. We first prove the special case when X is compact. Suppose that 
XM is not a subspace. Then there is a U E ‘7 and x E U n M such that T n M \ U # 0, 
foreveryTE7nMwithxET. 
Since X is compact, we can pick z E n{T n M \ U: T E 7 n M and x E T}. By 
countable tightness, there a countable set D C X n M \ U such that z E 0. Since D is a 
countable subset of M, and M is countably closed, we have that D E M. Also, x $ 0, 
because D G X n M \ U and x E U. Therefore, by elementarity, since x and D are in 
M, we have that M k x $ 0, and then there is a V E 7 I? M such that x E V and 
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V n D = 0. By regularity, we can pick V such that vno = 8. But this is a contradiction 
since z E D n V. 
Now for the general case. Fix x E X n M and U E T such that x E U. Since X has 
pointwise countable type and x E M, there is a compact K, K E M, such that z E K 
and X(K, X) < Ha. 
Now K is compact and therefore closed, which implies that K has countable tightness 
(as a subspace of X). Since K E M, applying the special case for K, we then have that 
KM is a subspace of K. Thus, since U n K is open in (K, 7 [ K), there is a V E In M 
such that z E V n K n M c U n K n M c U. 
Take K’ as in Lemma 2.12. We then have that K’ n M C U. 
Let V = {I&: n E w} be an outer base of K’ such that V E M and I&+1 C V,, for 
every n E w. Since x E K’, the following claim finishes the proof: 
Claim. There is an n E w such that V, n M C U. 
Proof. Suppose not. Then, for every n E w, there is an x, E V, n M such that x, $ U. 
Since V is an outer base for K’, there is a y E K’ such that y is an accumulation 
point of {xn: n E w} (if not, for every t E K’ there is an open set V, such that 
v,n{x %: n E w} = 0; but then UzEK, V, 2 V,, for some n E w). Also, {z~}~~,, C M 
and M countably closed imply that {z n nEw E M. Then, since HO k there is a y E K’ } 
such that y is an accumulation point of {x,: n E w}, and K’ and {x,},~~ are in 111, by 
elementarity we have that there is a y E K’ n M such that y is an accumulation point of 
{x~: n E w}. But then y E K’nM C U and Un{z,: n E w} = 8, a contradiction. 0 
Example 7.7 shows that the hypothesis of M being countably closed in the previous 
theorem cannot be dropped. 
Corollary 2.9 plus Theorem 2.11 naturally raise the questions of whether the hypoth- 
esis of being compact in Corollary 2.9 can be weakened to pointwise countable type, 
and whether the hypothesis of being sequential can be weakened to having countable 
tightness. We answer these questions below, the second with a surprising independence 
result. 
Corollary 2.13. If X is sequential T2 and of poinhvise countable type, and M is count- 
ably closed, then XM is a closed subspace of Xnr. 
Proof. By Theorem 2.11 it is a subspace; by Theorem 2.6 it is closed. 0 
Corollary 2.14. PFA implies if X is compact T2 with countable tightness, and M is 
countably closed, then XM is a closed subspace of X. 
Proof. By Theorem 2.2 in [4], X is sequential. 0 
Example 7.8 (FedoGuk’s compact S-space) is a space constructed from 0 which is 
compact T2, has countable tightness, and for which there is a countably closed M such 
that Xhf is not a closed subspace of X. 
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We next weaken the compactness hypothesis of Corollary 2.14 as follows: 
Corollary 2.15. PFA implies if X is a T2 k-space with countable tightness, and M is 
countably closed, then X n M is a closed subset of X. 
Proof. It suffices to show that PFA implies TZ k-spaces with countable tightness are 
sequential. Suppose F C X is not closed. We claim F is not sequentially closed. Since 
X is a k-space, there is a compact K such that F n K is not closed. Countable tightness 
is inherited by closed subspaces, so K is sequential. K is closed, so F n K is not 
closed in K, so it is not sequentially closed in K. Let {z,},~~ be a sequence in F n K 
converging in K to II: E K \ F. Then {z,},~~ converges to x in X. By TZ then, F is 
not sequentially closed. 0 
Example 7.9 shows that “k” cannot be removed from the hypothesis. 
Corollary 2.16. PFA implies if X has countable tightness, is T2, and is of pointwise 
countable type, then if M is countably closed, XM is a closed subspace of X. 
Example 7.13 below shows that Corollary 2.15 cannot be improved to get XM a 
subspace of X, even if X is Frechet. However, just having “closed subset” is useful: 
Theorem 2.17. Zf X is a sequential Tz space (or if X is a T2 k-space with countable 
tightness and PFA is assumed), then if M is countably closed and P is a property of X 
preserved by continuous images and inherited by closed subspaces, XM has property P. 
In general we want to conclude properties of X M from those of X rather than vice 
versa, but the following result has an interesting corollary. 
Theorem 2.18. M countably closed and t(XM) 6 No imply XM is a subspace of X. 
Proof. Suppose H is closed in X. Claim H n M is closed in XM. It suffices to show 
that, for every countable F C H n M, FM G H. Suppose x E FM. By countable 
closure, F E M. Then M k z E F, so by elementarity, z E P, but then z E H. 0 
Corollary 2.19. M countably closed, X T2 and sequential, XM sequential, imply XM 
is a closed subspace of X. 
By Example 7.13 below, countably closed elementary submodels of sequential 
spaces+ven of FrCchet spaces-need not be sequential. 
Corollary 2.20. If X is hereditarily separable and M is countably closed, then XM is 
a subspace of X. 
Proof. X hereditarily separable implies XM is hereditarily separable and hence has 
countable tightness. 0 
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In fact if X is regular, we can do better than this. 
Theorem 2.21. I” X is locally separable and regular and M is countably closed, then 
Xnf is a subspace of X. 
We first need the following known result: 
Lemma 2.22. If M is countably closed, then any member of M of size < 2N0 is included 
in M. 
Proof. First note that M contains and includes P(w). The former is by elementarity; the 
latter because w C M and every subset of w is a countable subset of M. Now if S E M, 
/S] < 2Nn, then by elementarity there is a surjection f E M mapping P(w) to S. But 
since P(w) 2 M, by elementarity we have that for every t C w, f(t) E M. Therefore 
SCM. 0 
Now the same proof as for Theorem 2.5 shows 
Theorem 2.23. If M is countably closed and x(X) < 2’“, then XM is a subspace of X. 
Theorem 2.21 is then an immediate corollary since separable regular spaces have 
weight < 2’0. 
Corollary 2.24. If X is locally separable, T3, and sequential, and M is countably closed, 
then Xht is a closed subspace of X. If X is separable Tj, and sequential, and M is 
countably closed, then X~J = X. 
Proof. The second part follows from the following lemma which we shall use several 
times. 0 
Lemma 2.25. If X is separable, X n M is separable and dense in X. 
Proof. By elementarity, X n M contains and hence includes a countable set M thinks 
is dense in X. But then it is. 0 
Theorem 2.26. 
(i) Suppose there is a Y E [Xl<% such that the weight (least cardinal of a basis) 
w(Y j 3 K, and M is an elementary submodel of He such that Y C M, K E M 
and ]M] < K. Then XAJ is not a subspace of (X, 7). 
(ii) Suppose Y 2 X witnesses that t(x, X) 3 K., i.e., there is an x E 7 such that 
x $! F for any Y’ C Y, ]Y’] < K. Suppose M is an elementary submodel of He 
such that x, Y E M, and ]M] < K. Then X.bf is not a subspace of (X. 7). 
Proof. We first prove (i). Suppose Y E [Xl’” such that w(Y) b K, and M is the 
elementary submodel. Then Y nM = Y. But then w(Y, I) 3 K and w(Y, 7~) < CI < K 
(since ]M( = Q < K). Therefore Xbf cannot be a subspace of (X, 7). 
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In particular, if w(X) > 1x1, take an elementary submodel M > X, such that lM/ = 
1x1. Then clearly XM is not a subspace of X. (Note that on the other hand, if for every 
Y E [Xl<“!, w(Y) = w, then w(X) = w [20] and therefore XM is always a subspace 
of X.) 
To show (ii), let Y, z and M be as in the statement and suppose XM is a subspace of 
(X, 7). Since 2 E Y, by elementarity, we have that M k “5 E F’. Thus, 2 E Y n MI”. 
But since we are assuming that XM is a subspace, this implies that 2 E Y n M, a 
contradiction, since IY n MI < K. 0 
3. Images 
If XM is not a subspace of X, perhaps it is a nice image of a subspace of X. For 
example, doing some small modifications we can get the elementary submodel version 
of a result proved in a supercompact reflection context in [17, Theorem 5.1.11. 
Definition 3.1. For a topological space X, h(X) is the least cardinal X with the property 
that for every point z E X there is a compact set K & X such that 2 E K and 
x(K,X) < A. 
Theorem 3.2. Let (X, 7) be a regular space with h(X) < IC and let M be a elementary 
submodel of He such that (X, 7) E M and such that K C_ M. Then there is a Y C_ X 
and 7r : (Y, I/Y) --+ XM such that x is perfect. 
Proof. We first introduce some notation. Let 
K = {K & X: K is compact and x(K, X) < K}, 
IC,={KEICnM: ZEK}, forzEXM, 
V,={VEIIIM: z:V}, forzEXM. 
For each IC E XM define K, = fl V,. Note that, since X is Hausdorff, a simple 
elementary submodel argument shows that if 1c, y E M and z # y, then K, n Kg = 0. 
Define 
Y = u{Kz: z E Xill}, and 
7r : (Y,7lY) --+ (XM,7M), by VT(Y) = z if and only if y E K,. 
We shall show that n is perfect. First we show that ?r is continuous. 
Claim 1. 7r is continuous. 
Proof. Fix F E M such that X \ F E 7 M. We want to show that 7r-l (F) is closed in 
(Y, IIY). Let y E Y \ 7r -l(F). Since y E Y, there must be z E XM such that y E K,. 
Clearly z q! F. Using that X is regular and that II: and F are in M, by elementarity we 
can conclude that 
M + there are open disjoint sets U and W such that x E U and F C W. 
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Thus, we can fix U, W E T&J disjoint such that x E U and F G W. 
Now, x E U and U E 7~ implies that rTT-’ (x) = K, C_ H, by the definition of 
K,. Similarly, F & W and W E Iat implies that v ’ (3’) C W. We then have that 
U f’ T-’ (F) = 0 and that y E U, which proves that 7r-I (F) is closed. 0 
The next claim shows that n-‘(z) is compact, for every x E Xhf. 
Claim 2. K, = (7 K,, for each x E XM. 
Proof. We first show that K, C n Ic,. Suppose y $ n Ic,. Then there is a K E Ic, 
such that y $ K. Since x(K, X) < n, we have that 
He b there is VK such that 1 VK 1 < K and VK is an outer base for K. 
But K E M, so by elementarity of M, there is a VK E A4 such that (in He) Vu has 
cardinality K. and is an outer base for K. Since y 6 K, there must be V E VK such that 
y # V. Also VK E M, IVK 1 < K, and K C M imply that VK & M. Thus, there is a 
V E 7~ such that x E K C V and y $ V, which implies that y +! K,. 
To show that K, 2 n Kz, fix y E n K, and V E IM such that z E V. We have to 
show that y E V. This clearly follows from Lemma 2.12. 0 
Claim 3. TT is closed. 
Proof. Suppose A is closed in Y and x E XM \ r(A). Let F closed in X such that 
F n Y = A. We first show that there is a K E K, such that K n A = 0. Suppose 
not. Then K n A # 0, and therefore K n F # 0, for every K E K,. Consider the 
family _F = {K n F: K E K,}. Clearly .F is centered and K n F is compact for 
each K E K,. But then there must be z E n{K n F: K E K,}, which implies that 
z E n xc, n F = K, n F = K, n A. But this means that z E r(A), a contradiction. 
So fix K E M such that K is compact, X(K, X) < n, z E K, and K rl A = 0. Since 
x(K, X) 6 IF. and K E M, by elementarity, as before, we have that there is a VK E M 
such that VK has cardinality 6 and VK is an outer base for K. Since K n A = 0, there 
is a V E VK such that V n A = 0. But VK E M and has cardinality 6, therefore 
VK C 111, since K g M. We then have that there is a V E 7~ such that V n A = 0 
and x E K C V. We will be done if we show that V n r(A) = 0. Suppose there is a 
y E V n r(A). Then y = n(a) for some a E A, which means that there is an a E A 
such that a E Kv. But y E V and V E 7~. We then have that a E KY c V, for some 
a E A, a contradiction. 0 
The first part of Corollary 1.6 follows since Ts is preserved by closed maps. Here is 
another corollary: 
Corollary 3.3. Assuming the consistency of a supercompact cardinal, there is a model 
of set theory in which elementary submodels of Ts spaces of pointwise countable type 
are hereditarily collectionwise normal. 
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This follows from Balogh’s Theorem 1.1 in [5] that adjoining supercompact many 
Cohen or random reals yields a model in which normal spaces of pointwise countable 
type are collectionwise normal. (For a short proof using the methods of the proof of 
Theorem 3.2, see [17, Theorem 5.3.21). Just observe that 
(a) pointwise countable type is inherited by open sets, 
(b) that a space is hereditarily collectionwise normal if open subsets are collectionwise 
normal, and 
(c) hereditary collectionwise normality is preserved by closed maps. 
Here is another application of Theorem 3.2. 
Definition 3.4. A space (X, 7) is cometrizuble if there is a weaker metric separable 
topology S on X such that for every U E 7 and x E U, there is a V E 7 satisfying 
XEVCVSCU. 
Theorem 3.5. MA implies that ifX is a cometrizable space of pointwise countable type, 
then every elementary submodel of X of size < 2*O is normal. 
Proof. It suffices to show K ’ (XM) is normal. As a subspace of a cometrizable space, 
n-i (XM) is cometrizable; it is the union of < 2uO compact sets, so by [l, Theorem 11, 
it is normal. 0 
4. Cardinal invariants 
Next we compare the cardinal invariants of XM to those of X. (We use “hL’ and “hd” 
for hereditary Lindelof number and hereditary density, respectively.) 
Theorem 4.1. 
(i) Let f E {c, hL, hd, x,!P, s, w}. Then I < f(X). The inequality may be 
strict. 
(ii) Let f E {L,t}. There are X and M such that f(X) < I and X’ and M’ 
such that f(X’& < f(X’). 
(iii) Let f E {d, 7r). rff(X) < No, so is f(X,). 
Proof. (i) is straightforward; taking a countable M for a space with f uncountable 
witnesses strict inequality. Similarly for the second inequality in (ii). To establish the 
first inequality for L, first note that by Theorem 4.2 below, the elementary submodes of 
Examples 7.6,7.19 and 7.20 are countably compact but not compact, hence not Lindelbf. 
To establish it for t, see Example ‘7.13. 
To prove (iii), if, e.g., X has a countable rr-base, then by elementarity, M b “X has 
a countable n-base”. But then XM has a countable T-base. Similarly for density. 0 
The following result is not surprising. 
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Theorem 4.2. Countably closed elementary submodels of (countably) compact spaces 
are countably compact. 
Proof. Take a countable open cover U = {U, n M: i E w} of X f? M, where Uz E lV. 
By countable closure, U’ = {UZ: i E w} E M. Then M + ‘74 is an open cover”, so 
U’ is an open cover of X by elementarity. Then it has a finite subcover { Ui, : j 6 n}. 
Then M b {Ui, : j < n} is a cover, so {Vi, n hl: j < n} is a cover of X n M, as 
required. 0 
Also not surprisingly, there is a compact T2 space X and a countably closed elementary 
submodel M such that XM is not compact-see Examples 7.6, 7.19 or 7.20 below. By 
Corollary 2.9, no such example can be sequential. We also have the following result. 
Theorem 4.3. MA implies that if M is countably closed and X is a (countably) compact 
TZ separable space with hL(X) < 2N0, then XA~ = X. 
Proof. XM is countably compact, TX, separable, and has Lindelof number < 2N0, so 
Hechler’s theorem [18] applies. Thus, XM is compact, hence closed, so equals X. 0 
On the other hand, 2nD < 2*’ yields an example (Example 7.19 below) of a separable 
compact TZ space with weight and hence hL < Nr < 2N0, and a countably closed M 
such that XM is not compact. (Simply take a countably closed M of size 2N0.) 
We also have an independence result when “hL < 2No” is replaced by “T5”. 
Theorem 4.4. PFA implies if X is T5, separable, and countably compact, then if M is 
countably closed, XM = X. 
Proof. By [21] X is compact and has countable tightness. By Corollary 2.14 Xbf is a 
closed subspace of X and hence is X. 0 
On the other hand, a countably closed elementary submodel M of size 2N0 of Fe- 
dorEuk’s compact Ts S-space (Example 7.8) [ 151 yields a proper subspace but it will not 
be closed in this case. 
5. The space X(M) 
The ideas in Section 3 can be embedded in a more general context; the following 
definition occurred to us when we tried to understand [7], which is couched in the 
language of uniform spaces. 
Let (X, I) be a topological space and 7 be a (not necessary open) cover of X. Let 
M be an elementary submodel of HO such that X, I! 3 E M. 
Definition 5.1. For every 2: y E X, define x N y if and only if x E V % y E V, for 
everyVE3nM. 
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Clearly N is an equivalence relation. We can then define the quotient space XF(M) = 
X/N. 
Also let 
cp=(pSF’: x +X(M) 
be the quotient map. We will denote by [z] the equivalence class of 2. We will suppress 
the “P in X(M) when it is clear from context. 
Example 5.2. If X is metrizable and F is a countable base of X, then X = X(M). 
Proof. Since F is countable, F C M; since it is a base, n{V E F: z E V} = {z}. 0 
Example 5.3. If X = 2” (or X = I”) and F is the usual base for X, then X(M) is 
homeomorphic to 2n”M (IKnM). 
Proof. For any f and g in X, we have that f N g if and only if 5 E V H y E V, for 
every V E .F n M. Since we are picking F to be the usual base for X, f N g if and 
onlyiffE[p]HgEE],f or every finite p with dam(p) C K n M, which is equivalent 
tof~(Klln)=g r(KnnM). 0 
Theorem 5.4. If X is T3;, F is a base of X formed by functionally open sets, and 
C(X) E M, then x N y if and only if f(z) = f(y) for every f E C(X) n M. 
Proof. Suppose there is a f E C(X)nA4 such that f(z) # f(y). Then, there are disjoint 
open intervals IZ and 1, with rational end-points, containing f(x) and f(y), respectively. 
Since IZ and 1, have rational end-points, I,, IY E M and therefore f-i (IZ), f-i (IY) E 
FTn M. Also f-l(&) n f-*(1,) = 0 and IC E f-l(L), y E f-i(&). Thus, 2 w y. 
Suppose x * y. Then there is a V E .F n A4 witnessing it, and we can suppose 
z E V and y +! V. By our choice of _7= and since V E M, V = f-‘(U) for some 
f E C(X) n M and U open in 1. But then z E V implies that f(x) E U, and y $ V 
implies that f(y) $ U. Thus, f(x) # f(y). 0 
In the notation of Theorem 3.2, recall that K, = n V, = n K,. We then have 
Theorem 5.5. If X is T3; with pointwise countable type, .F is a base of X formed by 
functionally open sets, and C(X) E M, then y - x if and only if y E K,, for x E XM. 
Thus XM is homeomorphic to a subspace of X(M). 
Proof. Since the set of the functionally open sets is a base for a T3; space, we have 
that [z] C K,. Suppose that 2 E XM and y M x. By the previous theorem, there is an 
f E C(X) n M such that f(x) # f(y). Thus, there is an open interval 1, E M such 
that f(x) E 1, and f(y) # I,. But then, x E f-‘(lZ)r fel(IZ) is an open set in M and 
y $! f-‘(Iz), which implies that u 4 K,. 
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To see that XM is homeomorphic to a subspace of X(M), define 
Y = { [Lr] E X(A4): z E “} 
and define 7r: Y -+ XM by rr( [z]) = x. Then 7r is one-to-one and onto. Also, since 
[z] = K, if 2 E M, by the proof of Theorem 3.2, we have that 7r is continuous and 
closed. 0 
We have a similar result for regular spaces: 
Theorem 5.6. Suppose X is a T3 space with point-wise countable type. If x E X n M 
and 3 = {K C X: K is compact with countable character}, then y N x if and only if 
y E K,. Thus XM is homeomorphic to a subspace of X(M). 
Proof. Denote by [z] the equivalence class of x. Clearly, by the definition of the equiv- 
alence relation, [x] C K,. Suppose y + x. If there is a K E Tn M such that x E K and 
y +! K, then y $ K, and we are done. We can suppose then that there is a K E 3 n M 
such that y E K but x $ K. But then, since K, x E M and K is compact, there is a 
V E V, f’ M such that K n V = 0. Thus, there is a V E V, n M such that y $ V, which 
implies that y $ K,. 
The proof that XM is homeomorphic to a subspace of X(M) is the same as in the 
previous theorem. 0 
Suppose now that X is only regular and let 3 be the set of all regular closed sets. We 
then have that 
Lemma 5.7. For each CJJ E X n M, [x] = n{F E 3 n M: x E F} (which we will 
denote by n3, n M). 
Proof. Clearly y N z implies that y E n3 n M. Suppose y E n3 n M and fix 
F E 3 n M. If x E F, then y E F by assumption. Suppose x $! F. Then by regularity, 
and since x and F are in M, there is an F’ E 3 n M such that x E F’ C X \ F. But 
IC E F’ implies y E F’. Therefore y @ F. 0 
We also have 
Theorem 5.8. If X is regular; and 3 is the set of all regular closed sets, then XM is a 
continuous image of the subspace {[xl: x E X n M} of X(M). 
Proof. We will show that ix] C: n{V E 7 n M: x E V}, for every x E X n M. Then 
we will have that the function that takes [x] to x, for every x E X n M is continuous 
(the proof is the same as the proof of continuity of rr in Theorem 3.2). 
Fix x E X n M and y N x. If V E 7 n M and x E V, since x E M, by regularity, 
there is an F E 3 n M such that x E X \ F C V. But then x $! F, which implies that 
9 $ F. Therefore, y E V. q 
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The following result is in [7, Proposition 3.91: 
Theorem 5.9. Let A be a Boolean algebra and X = S(A) (the Stone space of A). If3 
is the usual base for the Stone space, then X(M) is homeomorphic to S(A n M). 
Proof. For each a E A, let 
O(a) = {U E S(A): a E u}. 
We will show that, for every U, ‘u E S(A), u N v if and only if u n M = v n M. Suppose 
u N v. This is equivalent to u E O(a) if and only if v E O(a), for every O(u) E M f-13. 
But O(u) E M if and only if a E M. Therefore, we can conclude that u N v if and only 
ifunM=vnM. 
It is now easy to define an homeomorphism between X(M) and S(A n M). Define 
rr :X(M) + S(A n M), 
by r+~]) = un M. 0 
Remark 5.10. Bandlow defined the space X(M) in [7] using uniformities. The defini- 
tion of X(M) for X T3;, X considered to be a subspace of [0, 1]c(x), and using the 
equivalence relation 2 N y if and only if f(z) = f(y) for every f E C(X) n M, was 
given by Dow in [ 121. 
6. Reflection 
We will briefly compare the elementary submodel context to the reflection con- 
text. In the elementary submodel context, the three important objects are (X, I), 
(XnM,7 1M) (’ i.e., the subspace topology), and XM. XM is elementarily equiva- 
lent to (X, 7) and 7~ is a weakening of 7 / M on X n M. In the reflection context, we 
have an elementary embedding j, which is sufficiently closed, and the three objects are 
(j(XLA7)L (j”X,j(7) r j”WT and (j”X, {j”U: U E I}). The last is just home- 
omorphic to (X, 7). We have (X, 7) is elementarily equivalent to (j(X), j(7)) and 
(j”X, {j”iY: u E I}) is a weakening of j(7) r j”X on j”X. In fact, we are really 
just in the elementary submodel context again. However, in most applications we do not 
have an elementary embedding j in V, but rather a generic elementary embedding in 
some forcing extension V[G]. The difference this makes is that (j”X, {j”U : U E I}) is 
no longer homeomorphic to (X, I)-which is no longer a topological space-but rather 
to (X,7(G)), h w ere I(G) is the topology generated by 7 in V[G]. This makes life 
more difficult, since one has to worry about whether properties of (X, 7) are preserved 
by the forcing. On the other hand, having the elementary embedding j to use is more 
powerful than merely knowing that XM is an elementary submodel of (X, 7). 
In the elementary submodel context, the chief concern is whether properties of X are 
retained by XM, i.e., although by elementarity XM thinks it has all the properties X 
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We showed before that X(M) = 2n”M. Since for every f, g E X n M, f # g implies 
that there is Q E KIM such that f(o) # g( ) ‘t a ,I IS easy to see that XM is homeomorphic 
to 2nnM n M. 
Example 7.4. X = PD, where D is a discrete space of size 6. 
Recall that X = {u: u is an ultrafilter on D}. The topology is given by O(a) = {U E 
X: a E u}, for every a c D. Then XM = /3D fl M = {u E M: u is an ultrafilter on 
D} and 7~ is the topology generated by {O(a) fl M: a E P(D) n M}. 
Note that XM is a subspace of X if and only if M is closed under subsets of D. 
Therefore, for suitable M, e.g., M countable, this can be an example of a compact space 
such that XM is not a subspace of X. 
We showed before that X(M) is homeomorphic to S(P(D) n M), and therefore it is a 
compactification of D (if D C M), but not necessarily the Stone-Tech compactification. 
Example 7.5. A first countable T’t space X and a countably closed elementary submodel 
M such that XM is not a closed subspace of X. 
Proof. Let X be c+ with the following topology: w is isolated; for each cy E c+ \ w and 
each finite F C w, {a} U (w \ F) is o p en. Take a countably closed elementary submodel 
of size c. Then Xn/r is not a closed subspace of X. q 
Example 7.6. A compact space X and a countably closed elementary submodel M such 
that Xn;l is not a perfect image of a closed subspace of X. 
Proof. Let X = 2& with the usual topology, where 6 3 2N0. Let M be an elementary 
submodel of HO such that M” C M, IM( = 6, X E M, K C M, and also such that 
M includes a dense subset of X. As in Example 7.3, XM is a subspace of X. But 
IX n MI < 1x1, and therefore X n M ?j X. Since M includes a dense subset of X, 
X n M is dense in X, and therefore cannot be closed. Therefore it is not compact and 
so is not even a continuous image of a closed subspace of X. By Theorem 4.2, XM is 
countably compact. 0 
We are grateful to A. Dow for providing the following example as well as Example 7.18 
for us (private communication). 
Example 7.7. A compact sequential space X and an elementary submodel M such that 
XM is not a subspace of X. 
Proof. The space is the one-point compactification of a P-space. Let A be a maximal 
almost disjoint family of subsets of w. Let P(A) be A U w with the following topology: 
w is discrete; the basic open sets at A E A are {A} U A \ n, for each 72 E w. 
Let X = @(A) u {m} be th e one-point compactification of P(d). Then the neigh- 
bourhoods at {co} are of the form {m} U P(d) \ K, where K is a compact set in 
*(A). 
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Let M be an elementary submodel such that A E M and 1 MI < 1 Al. Fix A E A \ M. 
Then, {A} U A is compact in @(A) and therefore 
is open in X. 
But V is not open in XM. Note that if W E ‘7 n M, to get W we can just remove 
points of A n M, i.e., W must contain a set of the form A \ {Bl, . . . , IS,}, where 
Bt , . . . B, E A n M (by the definition of the topologies). Therefore, A E W. But 
A $ V. Thus, W p V, for every W E 7 n hf. 0 
Note that, assuming 2n0 > NI and taking IAl = 2n0, we can have M be u-covering. 
This shows that in Corollary 2.9. “countably closed’ cannot be weakened to “w-covering” 
in ZFC. If CH is assumed, it is not clear how to get an w-covering elementary submodel 
that is not countably closed. 
Example 7.8. 0 implies there is a compact T2 space with countable tightness and a 
countably closed M such that Xbf is not a closed subspace of X. 
Proof. The space is Fedor&tk’s compact S-space [ 15, Theorem 41. Since it is hereditarily 
separable, it has countable tightness. FedorEuk remarks that any infinite closed subspace 
has cardinality 2’, so by taking M of size c, we have the desired result. 0 
The following example shows that “k” cannot be removed from Corollary 2.15. 
Example 7.9. A countably tight TZ space X and a countably closed M such that X n M 
is not a closed subset of X. 
Proof. The example is Example 1.22 in [19]. Let X = pw. For every A C X define a 
new closure operation by 
z = U {B: I? 2 A and IBI < NO}. 
Let Xc be the space X with the topology generated by the closure operation defined 
above. Then t(X”) = w. Also F = X and therefore N is dense in Xc. Let M be 
a countably closed elementary submodel of size c. Then (X n MI < 1x1 and therefore 
X f~ M g X. But N C X n M and p = X. Therefore M n X is not a closed subset 
of X”. 0 
Example 7.10. A completely regular-in fact normal-space X such that (XM, 7~) is 
not a perfect (or even closed) image of a subspace of (X, 7). 
Proof. Suppose K is a regular cardinal. Let X = ri + 1 and 7 be the following topology 
in X: {cy} is open for every o < IC and { (0, K]: B < K} is a base at n. Let M be an 
elementary submodel of He such that K E M and M n K = Q < K. 
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It is easy to see that (X M, ‘TM) is isomorphic to (cy + 1, la), where 7, is the topology 
defined on o + 1 in which {p} is open for each ,8 < a and {(p, o]: ,8 < cy} is a base 
at Q. We will show that (o + 1,7,) is not a closed image of a subspace of (X, 7). 
Suppose there is a B G X such that there is a 7r : B -+ XM continuous and closed. First 
note that, since we want 7r to be closed, we cannot have r-l ({a}) open. If it were open, 
wewouldhave F = B\n-‘({a}) closed,whichwouldimply7r(F) = (0+1)\(o) = Q 
closed, a contradiction. 
So we must have K E B and ~(6) = cy. Moreover, since K’ ({a}) cannot be open 
(in B), we must have an increasing sequence {,0x: /\ < K}, cofinal in n, such that 
PA E B and r(/?x) < cy, for each X < K. Since ri is regular and Q < 6, there must be 
/3 < cy such that n-t ({/I}) is cofinal in n. But then n-i ((/3 + 1, a]) cannot be open in 
B, contradicting the continuity of 7r. 0 
The following examples show there is no nice analogue of Theorem 3.2 for k’-spaces 
or even for FrCchet spaces. They destroy the reasonable conjecture that for a countably 
closed elementary submodel M of a FrCchet space X, XM is a subspace of X. One would 
have expected there to be an analogue of Theorem 3.2 because reflection arguments calz 
be carried out in the context of k/-spaces [lo, Theorem 41, [ 16, Theorem 1.41. 
The first example is one used by Arhangel’skii [2, Example 3.31 to show that k’-spaces 
need not be of pointwise countable type. The second example is a minor modification of 
the first. used to deal with countable closure. 
Example 7.11. A Frechet space (X, 7) without pointwise countable type such that XM 
is not a closed image of a subspace of X, where M is an elementary submodel of HO, 
(X, 7) E M and A4 is countable. 
Proof. Let X = (w x w) U {s}. The topology on X is given by: {(i, j)} is open for 
every i, j E w, and {Vf: f E w”} is a neighbourhood base at s, where 
Vf = {s} U {(i,j): i E w, j 3 f(i)}. 
Clearly, this defines a topology on X. Also, it is easy to see that X is normal and 
x(+X) > w. 
We will first give Arhangel’skii’s proof that X is a (Frechet and hence) k/-space 
without pointwise countable type. 
First, suppose that we can find a compact set K, with countable character in X, such 
that s E K. Then, since X is countable, K is also countable. Also, w(K) < IKI = No, 
since K is compact. Therefore, we must have x(s, K) = No. But then, since x(s, X) < 
x(s, K) . x(K, X), for any compact K (see, e.g., [14, Exercise 3.1E]), x(s, X) = No, a 
contradiction. 
To see that X is a Frechet space, first note that s is a limit point for some set A 5 X 
if and only if for some ia in w, the set {j: (io, j) E A} is infinite. But then, letting 
sj = (io,j), {sj>j~~ -+ s, which shows that X is a Frechet space. 
Suppose now that M is a countable elementary submodel of HO containing X and 7. 
Since X is countable, X c M. Thus, XM is a first countable space. We first show there 
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is no perfect map, and then use that to show there is no closed map. Suppose there is a 
Y s X and a perfect mapping ri : (Y, T) + X&f; we will work for a contradiction. 
We will first show that we must have s E Y and r(s) = s. Suppose s $ Y or s E Y 
and r(s) # s. Then K’ (s) contains only isolated points and therefore is open. But then 
Vl(X \ {s}) = Y \K’(<) s is closed in Y, and since we are assuming rr to be closed, 
this implies that 7r(7riT-’ (X \ {s})) = X \ {s} is closed, a contradiction. This argument 
shows that K’ (s) cannot be open in Y. In particular, we must have s E Y and r(s) = s. 
Also this implies that s cannot be an isolated point in Y. 
We will need a lemma, which can be found for example in [14, Corollary 3.7.281. 
First recall that nw(X) is the smallest cardinal number of the form (NI, where N is a 
network for X (i.e., N is a family of subsets of X such that for every z E X and for 
any neighbourhood U of x, there is an N E N such that IC E N 2 U). 
Lemma 7.12. If nw(X) < K. and there is a pegect mapping f :X + Y such that 
x(Y) 6 K, then x(X) < 6. 
Since X is countable, nw(X) = No. So, by Lemma 7.12, Y must be first countable. 
Then F = {i E w: {j E w: (i,j) E Y} is infinite} is finite (otherwise, we could show 
that Y is not first countable the same way we can show X is not first countable). 
By the definition of F, it is easy to see that K = ((w \ F) x w) n Y is closed, and 
therefore n(K) is closed. Note that we can suppose s $ n(K) (since V’(S) is compact 
and therefore there could only be finitely many points in K n r-’ (s)). We then have 
that there is an f E wyI n M such that Vf n T(K) = 8. Therefore j < f(i) for every 
(i, j) E K. 
But rr is onto, so we must have points in Y that are mapped into Vf. Since Vf fM( K) = 
0, these points must come from (F x w) n Y. Using that F is finite, we can conclude 
that there is an i E F such that {j: ~(i;j) = (n, f(n) + l), for some R. E w} is infinite. 
Define g(71) = f(n) +2 for every n E w (note that y E Al). We then have that -in-’ (V,) 
is not open: for every h E ww there is a j > h(i) such that n(i,j) = (7~. f(n) + 1) for 
some n E w, and therefore (i, j) E Vh but (i,j) $! K ’ (V,). But this, together with the 
fact that s E Y and rr(s) = (s), contradicts the continuity of n-. 
We will show now that Xl~l is not even a closed image of a subspace of X. Suppose 
there is a Y C: X and rr : Y ---) XA~ closed. For each x E Xnl, choose yz E Y such that 
I = 2, and such that if z = s, then ys = .s (recall that we showed before that we 
must have s E Y and rr(s) = s). Define Y’ = {yz: rc E X&f}. Since ys = s, s E Y’ 
and therefore Y’ is closed in Y. Then, n [ Y’ : Y’ + X&f is a closed mapping. Also, 
K’(Z) is a singleton for every 5 E Xkr and thus is compact. We conclude then that 
R : Y’ --f Xhf is a perfect mapping, contradicting what we proved before. 0 
Example 7.13. A Frechet space X of cardinality c such that XM is not a subspace if 
In/l1 = c and X C hf. Moreover, if M is countably closed, then XM is not a k-space 
(and therefore it is not Frechet or Ic’), and furthermore, X&f is not a quotient of any 
subspace of X. Also, t(Xhf) > f(X). 
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Proof. Take X = c x w U {s}. The topology is as in the above example: let c x w be 
discrete and the neighbourhoods of s are given by Vf = {s} U {(a, m): m 3 f(a)}, for 
f E wc. Then, as before X is a FrCchet space. 
First note that X(s,X) > c: let {fa: o < c} C wc and define f E wc by f(o) = 
fa! (o) + 1; then Vf_ p Vf , for every Q < c. 
Suppose M is an elementary submodel such that Ihill = c and X C M. Then 
X(s, XM) = c and X n M = X. Therefore XM is not a subspace of X. 
Suppose now that M is countably closed; we will show that XM is not a k-space. 
Let F = {fQ: cr < c} be an enumeration of wc n M. Define A = {(a, fa(a)): a < c}. 
Then, s E AIM, since { Vf_ : Q: < c} is a base at s in 7~ and clearly Vfo n A # 0, for 
every (Y < c. 
Therefore A is not closed in XM. Then, to show that XM is not a k-space, we just 
have to show that A n K is finite (and therefore compact), for every compact K in XM. 
Fix K a compact subspace of XM. First note that if s $ K, then K is finite since 
X \ {s} is discrete. Thus, we can suppose s E K. Suppose A n K is infinite and let 
B C: A n K be a countable subset of it. Since B is a countable subset of M and M is 
countably closed, we have that B E M. Write B = {(a,, fan (a,)): n E w}. Define 
f E wc by f(a,) = fa,(on) + 1, for every n E w, and f(P) = 0 otherwise. Then 
f E A4 since B E M. But also An K \ Vf is infinite. Therefore K \ Vf is infinite, which 
contradicts the fact that K is compact in XM, since the points in K \ Vf are all isolated 
points. 
To see that XM is not a quotient of any subspace of X, simply recall that FrCchet 
spaces are hereditarily k and that a quotient of a k-space is a k-space. 
Since X is Frechet, t(X) = No. Again consider A as above. If t(X,) were countable, 
there would be a countable B C A such that s E BI M. Supposing M is countably closed 
and including X, we have B E M. But then by elementarity, s E a. But that is not true, 
so t(X,) must be uncountable. 0 
Remark 7.14. The two examples above can also be described as quotient spaces, e.g., 
for the second example, let Y be the disjoint union of c many copies of w + 1 and 
identify all the points {w}. We then have a quotient map rt : Y -+ X. Note that if M is 
an elementary submodel of size c including such that Y, X, rr E M, then we still have 
that XM is not a subspace of X, but YM = Y (since it is first countable). We then 
have that 7r : YM = Y + XM is not a quotient map. Therefore, the previous example 
also shows that the property of being a quotient map is not preserved by elementary 
submodels. 
We do not know whether T3 can be weakened to T2 in the hypothesis of Theorem 3.2. 
One might hope that by weakening rr to say a closed map, one might be able to weaken 
pointwise countable type to say k’. Example 7.11 destroys that hope, and Example 7.13 
destroys the plausible conjecture that if X is Frechet and A4 is countably closed, then 
XM is a subspace of X, as well as the conjecture that X a T3 k-space implies XM is a 
quotient of a subspace of X. 
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The following example completes the verification of Corollary 1.6. 
Example 7.15. A TS space (X, 7) and an elementary submodel M such that XM is not 
normal. 
Proof. We use a variation of an example in [22] (or see [9]). Let 6 be a regular uncount- 
able cardinal, L and K be two disjoint sets of cardinality K., and A be an independent 
family on K of size 2”. 
By a well-ordering argument, we can construct a function 
f:P(L)+du{K\A: Aed} 
such that if A C: L, then f(L \ A) = K \ f(A). Then we have that for every A C L, 
f(A)nf(L\A)=0,andifAl:... , A, C L, with Ai # L \ Aj for every i, j < n, then 
n,,, w) f 0. 
Let X = K U L. The topology on X is given by the subbasis 
S={Auf(A): AS L}u{{p}: p~K}u{X\{p}: ~EK}. 
We have then that the points of K are isolated. Also, L is a closed discrete set, since for 
every 5 E L, {x} U f({x}) is open and ({z} U f({z})) n L = {x}. 
To see that X is T5 it is enough to show we can separate E and L \ F, for every 
F 2 L (since all points not in F are isolated). But for that we just have to take the open 
sets F U f(F) and (L \ F) U f(L \ F). 
Now let M be an elementary submodel of Ho such that (X, I), L, K, f are in M, 
KULcMandIMI= IG We want to show that XM is not normal. 
First, note that since L C M and f E M, {z} U f({z}) E M, for every z E L, and 
therefore L still is closed discrete in XM. 
Enumerate [L]“nM as {La}a<n such that each element of [L]” n M appears cofinally 
often. Pick fa # ga7 {fQ,ycy} C L, \ &<,{fo,gp}. Let F = {fey: Q: < K}. Then 
for every a < K, IL, n FI = IL, f? (L\ F)I = PG. Thus, if A E P(L) n M is such 
that IAl = tc and IL\ Al = r;, then I(L\A)nFI = I(L\A)n(L\F)I = tc, since 
L \ A E M. Clearly, if A E P(L) n M is such that IAl < 6, then l(L \ A) n FI = K, 
since IL \ Al = 6. 
Suppose there were disjoint open sets U and V in I f’ M such that F C U and 
L \ F C V. Then, by the definition of the topology, without loss of generality we can 
write 
u = u n (F: U f(8)) and v = U n (K; Us): 
SES i<na tET j<mt 
where F,” and Kj” are all in M. 
Since L is discrete in X and hence in X 111, without loss of generality we may suppose 
u = u n (F,s u f(F;)) and V= U f-j (K;u~(K,~))! 
SEF iGn.5 tEL\F j<w 
where nicn, F,” = {s} and &,,, Ki = {t}. 
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For each s E F, let 3, = {F,B: i 6 n,}, and for each t E L \ F, let Ict = 
mt}. 
Take TO & L \ F and m E w such that JTol = ts and mt = m, for every t 
next claim implies that U n V # 0, which finishes the proof. 
{K,t: j 6 
E TO. The 
Claim. There is an s E F and a t E TO such thatfor every i < n, andfor every j 6 m, 
F,” # L\Kjt. 
Proof. Suppose not. Then 
(V’s E S)(b E T0)(3i < n,)(3j < m)(F: = L \ Kj). (*> 
We work for a contradiction. Fix SO E 5’. Let IO = {i < n,,: ) L \ F,“o) < PC.}. Then 





Then JKoJ = K. 
By (*), there is a 7’1 C Ko, an io < nsO and a j < m such that 1’711 = K and for every 
t E Tl, Kj” = L \ F$. Note io $! IO, for if it were, take t E Ko. Then 
tEKonKi=Kon(L\F,SoO). 
But t c+! UiEIo( L \ F,Bo). Therefore io $4 IO, which implies that (L \ Fz 1 = K. 
By our construction of F, we now have that I(L \ F$) n Fl = K. Thus, there is an 
SI E F such that SI $ Fz’,“. Then Fz $! Fs,. 
Thus we will recursively find sk and Fzs,” E Fs, such that Sk $!I lJl.,k Ft" , thus 
assuring that the Fz’s are distinct. The argument is essentially the same as the case we 
have just done. 
Givensl,..., Sk distinct, Fz:l E Fs,, 1 < k, and Tk c Tk-1 of size 6 such that t E Tk 
implies {L\F$‘, . . . , L\F%y_;‘} g Ict, let Ik = {i < risk: IL \ (lJl.,k Ft” U Ftsk)l < 6}. 
Then lUzElk (L \ (Ul<k F,S” UF,S’))I < K. 
Let Kk = Tk \ UiEIr(L \ (UICk Ft’ U F,“‘)). Then /Kkl = PC. By (*), there is a 
Tk+l c Kk, an ik < nsk and a j 6 m such that (Tk+lI = K and for every t E Tk+], 
K,=LL\Fz. 
Subclaim. ik q! Ik. 
Proof. Suppose it were. Take t E Kk. Then t E Kj n Kk = (L \ F:kk) fl Kk. Also, 
we have t $! UiEIk(L \ (Ul.,k F:l U F,“‘)), so t E UICk I$:“. But t E Kk C: !fk, so 
{L\F&., L \ F,sk_;‘} C ICt. Therefore, t E nl,k L \ Ft’, a contradiction. 0 
Since ik 6 Ik, IL \ &k F$) = K. By our construction of F, there is an Sk+1 E F 
such that Sk+1 $ lJIGk F$. Then {F,"oo, . . . , Fz} r- Fsk+, = 0. 0 
Having obtained the required Fzs," , Tk+ I and Sk+,, we are done. But if we carry out 
the recursion up to k = m + 1, we get a t E TO with (Kt( = m + 1, contradiction. 0 
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Remark 7.16. Using the same technique that makes Bing’s Example G into a perfectly 
normal Example H [8], we can make this last example perfectly normal. It also can be 
shown to be not collectionwise Hausdorff. We have then that perfect normality is also 
not preserved by elementary submodels. 
A simple example shows that elementary submodels rather than just weaker topologies 
on subspaces play a role in Corollary 1.6: 
Example 7.17. A 7’s first countable space that has a weaker topology that is not normal. 
Proof. Let X = (WI + 1) x (w + 1) \ {( WI : w)}. Let the topology T be the topology 
on X inherited from the product of wr + 1 with the discrete topology and w + 1 with 
the usual topology, and let 12 be the usual Tychonoff plank topology. Then (X, q) is 
TS and first countable, ?; & 7r and (X, 3) is not normal. 0 
Example 7.18 (Dow). (CH) (p w M is not normal if M is countably closed and ) 
1n!l < 2C. 
Proof. Let p be a P-point such that p $ M. Then, using CH, there are regular closed 
disjoint sets F and K in (/%J \ w) \ p such that p E F n x [24, Theorem 11. Since M 
is countably closed, by Lemma 2.22 (/3w \ w) n M is dense in @w \ w; hence we have 
___ ~ 
p E F n M n K n M. By countable closure of M it is also true (by Theorem 2.23) that 
(pw)~ is a subspace of pw. Therefore F n M and K n M are disjoint closed sets in 
(pw)~ (since p @ M). S uppose that there are disjoint open sets U and V in (Pw)M - ~ 
which separate F n M and K n M. But then p E U f’ w n V n w, which is a contradiction 
since ci n w and V 0 w are disjoint subsets of w and p is an ultrafilter. 0 
Example 7.19. Let X be 2”‘. 
(a) If WI C M, then XM is a subspace of X. 
(b) Take a countably closed M of size 2No. XM is countably compact; if 2n0 < 2n’, 
XM is not compact. If 2 No = 2Nl, then XM = X. 
(c) There is an w-covering fif such that X&f is not normal. 
Example 7.20. Let X be 2’. 
(a) If c 2 M, e.g., is M is countably closed, XM is a subspace of X. 
(b) Take a countably closed M of size 2NQ. Then XM is countably compact but not 
compact. 
(c) There is a countably closed M such that Xnr is not normal. 
Proofs. All may safely be left to the reader except for (c) in both examples and Exam- 
ple 7.19(b). We originally had assumed MA++ZH for Example 7.19(b); the improvement 
is due to Alan Dow. It suffices to show X c M, but it is since P(w) G M and by hypoth- 
esis there is a function from P(w) onto X. We will give the proof of Example 7.20(c); it 
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will then be straightforward for the reader to do the simpler Example 7.19(c). It is note- 
worthy that Example 7.20(c) gives a ZFC example of a compact T2 X and a countably 
closed A4 such that XM is not normal. 
Fix a bijection h : c + WI x c. By induction, construct an elementary chain {MQ}a<w, 
of countably closed elementary submodels of HO such that h E Ma, c C A&, 2’ E MQ 
and JM, 1 = c, for each Q < wt. In addition, given MD, p < a, let (pa be an enumeration 
{f&V: P < Q, v < c} of 2c n up<, MO such that for all p < a, (Pi t A40 = ‘pp. 
Then take Ma containing cpcl. Let M = lJa_, It&. Then M is countably closed and 
M n 2c = {f& p < wi, Y < c}. 
Define f E 2’ by f(6) = fP,V(S), where h(6) = (p, v). For i = 0,l define 
Fi = {g E 2’: g(p) = i whenever g(p) # f(P)}. 
We claim Fi II M are disjoint nonempty closed subsets of XM which violate normality. 
To see the Fi are nonempty, consider the constant i function. To see that they are closed, 
ifg~Fi,thereisapsuchthatg(P)#f(P)andg(P)=l-i.ConsiderBp=~~’(l-i). 
Then g E BP and BP is disjoint from Fi. To show that FO f? Fl n M = 0, it suffices to 
observe first that FO fl FI = {f}, and second, that f $! M. To see the former, clearly 
f E FO n Fl, while if g E FO n Fl, g must agree with f everywhere. If f were in M, 
the function e defined by e(6) = 1 - f(6) would also be in M, say e = fP,+,,, . Let S be 
such that h(S) = (~0, ~0). Then e(6) = fP,,+,,(S) = f(6), contradiction. 
Now suppose that U, V are open subsets of 2’ such that U n M, V rl M are disjoint 
and include F. nlll and Fl n A4 respectively. We may suppose that U n FI = V n FO = 0. 
For every ,8 < wi, define gp E 2’ by gp(S) = fP,V(S) if h(6) = (P,Y) E ,8 x c, and 
go(S) = 0 otherwise. Then gp E 114 since h is and ‘po is. Also, go E Fo since g(6) either 
= f(6) or 0. Hence there is a basic open BPa, po a finite partial function from c into 2, 
such that gp E BPp _ C U. Hence pp c gp. Note that since BP4 C U and U fl FI = 0, 
pp g f. Claim no countable collection of BPB ‘s can cover {gp: /3 < wt }. For given a 
countable 5’ C wi, take 
q> max{ o: for some /? E S and for some 6 E dom(pp), 
there is a y E c such that h(S) = (a, -y)}. 
Then gV $ lJPeS BPo, for if say g7) E BPO, ,O E S, then pp 5 gV. Take 6 E dom(p0) 
such that pa(s) # f(s). Let h(6) = (a, 7). Then Q > Q so gV(S) = f(6), contradiction. 
Thus we can find an uncountable 5’ C wt such that all the BPa, /3 E S are distinct. 
Let dg = dom(pp). There is an uncountable T C: S such that {do: ,6 E T} forms a 
n-system with root d, say h, d C q x c, some q < wi. Define g(S) = f(6) if h(S) E 77 x c, 
g(6) = 1 otherwise. Then g E Fl so there is a finite q c g such that g E B, & V. Then 
Mn B, n BPp = 0 for all p. By elementarity, B, n BPg = 0. Claim dam(q) n (do \ d) # 0 
for all p E T such that /3 2 q. If so, dam(q) is uncountable, contradiction. To get this, 
suppose 6 E d n dam(q), h(S) = (a, y). Then q(6) = g(S) = f(6). On the other hand, 
since h(6) E 77 x c G /3x c, pp(S) = gp(6) = fa,r(S) = f(6). So q andpp must disagree 
offd. •I 
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In conclusion we would like to state two problems that are interesting and appear to 
be difficult, especially the second. 
Problem 7.21. Find a compact T2 first countable X and an M such that XM is not 
normal. 
Problem 7.22. Find a consistent example of a compact T2 X with countable tightness 
and a countably closed A4 such that XM is not normal. 
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